Abstract. In this paper, we present a formalization of Matiyasevič's theorem, which states that the power function is Diophantine, forming the last and hardest piece of the MRDP theorem of the unsolvability of Hilbert's 10th problem. The formalization is performed within the Lean theorem prover, and necessitated the development of a small number theory library, including in particular the solution to Pell's equation and properties of the Pell x, y sequences.
Introduction
In 1900, David Hilbert presented a list of 23 unsolved problems to the International Congress of Mathematicians [1] . Of these, the tenth was the following: To find an algorithm to determine whether a given polynomial Diophantine equation with integer coefficients has an integer solution. This problem remained unsolved for 70 years before Matiyasevič proved there is no such algorithm.
A Diophantine equation is an equation such as x + xy + 3z 2 − 1 = 0 x, y, z ∈ Z, in which we seek to find the integer solutions to a polynomial with integer coefficients. Solutions to Diophantine equations can encode a wide variety of arithmetic operations, and even some very advanced number theory: For example, for fixed n > 2, if the Diophantine equation
had a solution with xyz = 0, then Fermat's last theorem would be false. So a positive answer to Hilbert's problem would have been very big news indeed. Define a Diophantine set as a subset S ⊆ N k such that there exists an m ∈ N and an integer polynomial p ∈ Z[x 1 , . . . , x k , y 1 , . . . , y m ] such that (x 1 , . . . , x k ) ∈ S ⇐⇒ ∃y 1 , . . . , y m ∈ N, p(x 1 , . . . , x k , y 1 , . . . , y m ) = 0.
Here the x i are viewed as "parameters" of the Diophantine equation, and the y i are the unknowns, or "dummy variables". Hilbert's problem asks if we can determine if a given Diophantine set is nonempty from this description of it.
The Matiyasevič-Robinson-Davis-Putnam (MRDP) theorem asserts that a set S is Diophantine if and only if it is recursively enumerable, that is, the elements of S can be enumerated (with repetition allowed) as the range of a partial computable function. Since the problem of determining if a partial computable function is nonempty is equivalent to the halting problem, which is undecidable, this shows that there is no algorithm for Hilbert's tenth problem.
Even before Matiyasevič's contribution, a great deal of progress had been made by Davis, Putnam, and Robinson. It suffices to consider only natural number variables in the definition of a Diophantine set because of Lagrange's four-square theorem: For fixed n,
has a solution if and only if n ∈ N, so any natural number quantifier may be replaced with four integer quantifiers. (Conversely, n − m = x has a solution with n, m ∈ N iff x ∈ Z.) A Diophantine relation is a relation that is Diophantine as a subset of N k , and a function f :
is Diophantine. The simple arithmetic functions and relations +, −, ×, < , ≤, = are easily shown to be Diophantine, and conjunctions and disjunctions of Diophantine relations are Diophantine because of the equivalences:
Thus = is also Diophantine since x = y ↔ x < y ∨ x > y. (The complement of a Diophantine set is not necessarily Diophantine.) The notable omission from this list is the power function x y , which is the key to showing that one can encode sequences of variable length as numbers. Given this, it would be possible to encode the solutions to an unbounded search problem, such as a halting computation, as the solution to a Diophantine equation. This is the critical piece of the puzzle that Matiyasevič solved, by showing that the power function x y is Diophantine.
Theorem 1 (Matiyasevič, 1970) . The function f (x, y) = x y is Diophantine. That is, there is a k ∈ N and a k + 3-ary integer polynomial p(x, y, w,z) such that x y = w ⇐⇒ ∃z ∈ N, p(x, y, w,z) = 0.
In this paper, we will present a formalized 1 proof of theorem 1, in the Lean theorem prover. The proof naturally separates into two parts:
-The number theory: Developing the theory of the Pell equation, which features prominently in the proof.
-The theory of Diophantine sets and functions, composition of Diophantine functions, and the proof that all the relevant functions in the proof are Diophantine.
The proof is based on a well-written exposition by Davis [2] . Section 2 will discuss the number theory part of the proof, and section 3 will discuss the engineering challenges that arise in proving that certain sets are Diophantine.
The number theory
It was already recognized before Matiyasevič that the following "Julia Robinson hypothesis" would suffice to prove that the exponential function is Diophantine:
There exists a Diophantine set D ⊆ N 2 such that:
Thus it is really exponential growth rate that is important, because the exponential function itself can be recognized as solving a system of congruences. In Matiyasevič's original proof, the Fibonacci sequence was used for this purpose. In Davis's proof (which we follow), the Pell x n , y n sequences are used instead, but the ideas are similar.
Fix an integer d > 0 which is not a square, and consider the equation
This is obviously a Diophantine equation, and what makes it suitable for this application is that it has infinitely many solutions but they are spread out exponentially. In fact, there exists a "fundamental solution" x 1 , y 1 such that every solution is given by
n for some n ∈ N. We will be interested in the special case d = a 2 − 1 for some a > 1, in which case we can use the explicit fundamental solution x 1 = a, y 1 = 1.
In order to formalize this kind of definition in Lean, we constructed the ring On this definition we can straightforwardly define addition and multiplication by their actions on the "real" and "imaginary" parts: . Let z n = x n + y n √ d; then z n = z n 1 where z 1 = a + √ d, and the conclusion of Pell's theorem states that a solution to Pell's equation is equal to z n for some n.
